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A B S T R A C T : A M A T H E M A T I C A L M O D E L I S C O N S T R U C T E D T O S T U D Y T H E E V O L U T I O N O F A C O N T I N ­
U O U S FLOTATION P R O C E S S ; T H E M O D E L Y I E L D S A L O W E R B O U N D F O R T H E L O N G - T I M E 
D E I N K I N G E F F I C I E N C Y . T H E T H E O R E T I C A L P R E D I C T I O N S O F T H E M O D E L A R E A N A ­
L Y Z E D A N D C O M P A R E D A G A I N S T D A T A O B T A I N E D , E X P E R I M E N T A L L Y , A T A S P E C I F I C 
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1 T h e C o n t i n u o u s F l o t a t i o n M o d e l 
I N M O D E L L I N G C O N T I N U O U S FLOTATION P R O C E S S E S A S S O C I A T E D W I T H D E I N K I N G T H E B A L A N C E E Q U A T I O N 
F O R T H E C O N C E N T R A T I O N O F F R E E I N K P A R T I C L E S C A N B E S H O W N T O H A V E T H E F O R M [ 1 ] 
^ = -kxn{ + k2n% ( 1 . 1 ) 
I N ( 1 . 1 ) , k\ A N D k2 A R E T H E R A T E P A R A M E T E R S F O R T H E F O R W A R D A N D R E V E R S E R E A C T I O N S R E ­
S P E C T I V E L Y ; T H E S E T W O P A R A M E T E R S D E P E N D U P O N T H E V A R I O U S M I C R O P R O C E S S P R O B A B I L I T I E S T H A T 
C O M P R I S E T H E M E C H A N I S M O F B U B B L E / P A R T I C L E A G G R E G A T E F O R M A T I O N A N D D E S T R U C T I O N A N D A R E 
F U N C T I O N S O F T H E B U B B L E , P A R T I C L E , FLUID, A N D S Y S T E M P R O P E R T I E S . I N [ 1 ] , T H E R A T E P A R A M E T E R S , 
B O T H O F W H I C H H A V E T H E D I M E N S I O N S O F F R E Q U E N C Y ( I . E . S E C - 1 ) , W E R E G I V E N B Y 
&i = ZnfBPcPasiPtpCPstab = hnfB ( 1 . 2 A ) 
A N D 
k2 = Z ' P d e s t a h = Z'(l - Pstab) ( 1 . 2 B ) 
F O R T H E C A S E I N W H I C H I T W A S A S S U M E D T H A T O N L Y F R E E B U B B L E S M A Y A T T R A C T A P A R T I C L E ; I N ( 1 . 2 A ) , 
Zrig P L A Y S T H E R O L E O F A C O L L I S I O N F R E Q U E N C Y F O R T H E I N T E R A C T I O N O F P A R T I C L E S A N D F R E E B U B B L E S , 
Pc I S T H E P R O B A B I L I T Y O F C O L L I S I O N B E T W E E N A P A R T I C L E A N D B U B B L E , Pasi I S T H E P R O B A B I L I T Y O F 
A D H E S I O N B Y S L I D I N G , Ptpc I S T H E P R O B A B I L I T Y O F T H R E E - P H A S E C O N T A C T , Pstab I S T H E P R O B A B I L I T Y 
O F S T A B I L I T Y O F A B U B B L E / P A R T I C L E A G G R E G A T E , Pdestab I S T H E P R O B A B I L I T Y O F D E S T A B I L I Z A T I O N O F A 
B U B B L E / P A R T I C L E A G G R E G A T E , A N D Z' I S T H E D E T A C H M E N T F R E Q U E N C Y ( O F P A R T I C L E S F R O M B U B B L E S ) . 
T H E P R O B A B I L I T Y O F T H E F O R M A T I O N O F A T H R E E - P H A S E C O N T A C T B E T W E E N L I Q U I D , B U B B L E , A N D P A R T I C L E 
H A S B E E N S H O W N T O B E N E A R L Y 1 O V E R A W I D E R A N G E O F P A R A M E T E R S A N D H A S B E E N S P E C I F I E D T O B E 
E X A C T L Y 1 I N T H I S R E P O R T . 
B Y C O M B I N I N G ( 1 . 1 ) W I T H ( 1 . 2 A ) W E O B S E R V E T H A T Zu^u* M A Y B E I N T E R P R E T E D A S T H E 
' C O L L I S I O N ' R A T E ( P E R U N I T V O L U M E , P E R U N I T T I M E ) O F F R E E B U B B L E S W I T H F R E E P A R T I C L E S , W H I L E 
P = PcPasiPtpcPstab I S T H E O V E R A L L P R O B A B I L I T Y T H A T A C O L L I S I O N W I L L L E A D T O T H E F O R M A T I O N O F A 
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S T A B L E B U B B L E / P A R T I C L E A G G R E G A T E . I N A N A N A L O G O U S M A N N E R , Z'nB M A Y B E I N T E R P R E T E D A S T H E 
R A T E A T W H I C H B U B B L E S W I T H A N A T T A C H E D P A R T I C L E I N T E R A C T ( P E R U N I T V O L U M E , P E R U N I T T I M E ) 
W I T H T H E T U R B U L E N T V O R T I C E S I N T H E C E L L W H I C H A R E R E S P O N S I B L E F O R P A R T I C L E D E T A C H M E N T , W H I L E 
Pdestab = 1 — Pstab I S T H E P R O B A B I L I T Y T H A T S U C H A N I N T E R A C T I O N W I L L A C T U A L L Y R E S U L T I N P A R T I C L E 
D E T A C H M E N T . W E N O T E T H A T ZnB I S T I M E - D E P E N D E N T B E C A U S E O F T H E T I M E - D E P E N D E N C E O F T H E 
Q U A N T I T Y n B . I N T H I S P A P E R W E W I L L R E P L A C E n B I N ( 1 . 2 A ) B Y n B ( T H E N U M B E R O F B U B B L E S , P E R 
U N I T V O L U M E , A T T I M E t, W H I C H A R E ' A V A I L A B L E ' T O C A P T U R E P A R T I C L E S , n B < n B < TIB); T H E S U B S E ­
Q U E N T R E P L A C E M E N T O F ZnB I N ( 1 . 2 A ) B Y ZnB W I L L S T I L L R E N D E R k\ T I M E - D E P E N D E N T A N D F O R T H I S 
R E A S O N W E H A V E D E N O T E D & I , k<i A S ' R A T E ' P A R A M E T E R S R A T H E R T H A N T R U E ' R A T E ' C O N S T A N T S . O N L Y I N 
T H E M O S T N A I V E M O D E L , W H E R E A L L B U B B L E S A R E A V A I L A B L E T O C A P T U R E P A R T I C L E S , R E S U L T I N G I N T H E 
R E P L A C E M E N T , I N ( 1 . 2 A ) , O F ZnB B Y ZUB, M A Y k\ B E T E R M E D A ' R A T E ' C O N S T A N T . 
T H E P R O B A B I L I T Y O F S T A B I L I T Y , Pstabi A D D R E S S E S T H E S T A B I L I Z A T I O N / D E S T A B I L I Z A T I O N O F A B U B ­
B L E / P A R T I C L E A G G R E G A T E . M O D I F Y I N G T H E W O R K O F S C H U L Z E [ 2 ] , W E T A K E A S T H E F O R M F O R Pstab 
1 
Pstab = 1 - E X P a 1 - ( 1 . 3 ) Bd 
W H E R E T H E M O D I F I E D B O N D N U M B E R {Bo') I S D E F I N E D A S T H E R A T I O O F D E T A C H M E N T T O A T T A C H M E N T 
F O R C E S , I . E . , 
D J _ ^ D E T A C H M E N T _ 
^ A T T A C H M E N T 
4fiKA^+^̂ )+3 (̂fe-2^sin2 (' - s). (L4) 
6<7 S I N 17r — - J S M I n + -
A N D A , 0 < a < 1 , I S A S T A B I L I T Y P A R A M E T E R W H I C H D E P E N D S O N T H E R E L A T I V E P A R T I C L E A N D B U B B L E 
R A D I I . 
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(1-5) 
t h e various other parameters introduced in (1.4) axe deFIned as follows: 
Rp — the particle radius 
RB = the bubble radius 
€ = the (kolmogorov) turbulent energy 
(density (or dissipation rate) 
G = acceleration due to gravity 
CR = the surface tension 
6 — the contact angle 
PI — the FLuid density 
PP = the particle density 
APP = the density difference (PP — PI) 
in our computations we employ the following relationship among the surface tension, maxi­
mum bubble radius, and turbulent energy density (schulze [3]): 
O = ( 2 / J f l , m a * ) 5 / 3 e 2 / 3 PI (1.6) 
for the probabilities of collision (PC) and adhesion by sliding (PASI) we use, in this paper, 
new results which were developed, respectively, in bloom and heindel [4] and bloom and 
heindel [5] for FLotation deinking conditions. beginning with p c , if vp represents particle 
velocity, and Rep is the particle reynolds number 
2Rp\vp\ Rep = (1.7) 
where V\ = PI/PI is the kinematic viscosity (PI being the usual FLuid viscosity), then for an 
intermediate FLow about the bubble surface, in which 2 < Rep < 500, it follows from the 
work in bloom and heindel [5] tha t 
PR.= 
1 
1 + 2(Rp + RBY 
{2Rl + ZRIRB} + 
2Re B 
(Rp + RBY 




in (1.8) G is the dimensionless particle settling velocity, i.e., 
G = Vps/VB (1.9) 
where vps is the particle settling velocity and VB is the bubble (terminal) rise velocity. also, 
1 





is the bubble Reynolds number. For the same kind of intermediate flow over the bubble 
surface (e.g., Yoon and Luttrell [6]) it follows from the work of Bloom and Heindel [5] that 
Rp \{ g(RB + Rp)-G \ (ho 
PASI = exp 2 A 






^ ) = | i - ^ - § I + ^ B I ^ + 
RB R — + — 
r r 
* ( D - { ( l - ^ + 0|+2«.. 





(1.14) A = %-KfiiRp/f 
is the dimensionless friction factor ( / the usual fluid flow friction factor). Also, CB is a 
measure of the bubble surface mobility and is a parameter which varies between one (for 
a completely immobilized or rigid bubble surface) and four (for an unrestrained bubble 
surface), ho is the (initial) thickness of the liquid film about the bubble at the instant at 
which the particle makes contact with the film and begins the sliding process, and HCRIT < ho 
is the film thickness at which the film spontaneously ruptures. 
In (1.12) it is still necessary to insert the value of HO/HA-U = 7; actually, because of the 
manner in which (1.12) is derived, 7 = 7* = (HO/HCRU)* in (1.12) where the '*' indicates that 
we using that specific value of H0/HCRIT which corresponds to <F>0 = <F>* = <F>*CRIT. However, in 
recent work [7], it has been shown that , for the intermediate flow of Yoon and Luttrell [6], 






CB \RB + Rp 
g(RB + Rp)-G 
\*(<f>*) 
\k{RB + Rp)\-G 
A* = ?^P(vB\k(RB + R v ) \ - V p s ) cosfi 




In order to use (1.15), we consider (1.16a,b,c) as a system for (</>*,a*); we may, either, solve 
(1.16a,b,c) for 0*, compute a* using (1.16a,b) and then Pasi by employing (1.15) or, by using 
the computed value of 0*, calculate Pasi as s in 2 ^*. This new algorithm for computing Pasi 
has been used in the work reported here. 
Finally it has been shown in [8] tha t Z, which mediates the collision frequency, and Zf, 
the bubble/particle detachment frequency, may be written in the following forms: 
z = b.o(Rp+rb) y e ? + V% 
l ( K 3 | + i ; B ) 2 ' 
x < exp 2 m + ui (1.17) 
+ir(Rp + RB)' 
(\vps\+vB)2 + U$ + U% 
V P S +VB 
erf \Vps\ + VB 
with erf(x) the standard error function and 
2/3 
(1.18a) 






v['- \ Pi J 
the effective values of relative velocity between (respectively) particles (bubbles) and the 
fluid, while 
Z ' = y/c'ie1/3(dp + dB)-2/3 (1.19) 
with C\ a constant whose value in this report has been taken to be C\ = 2. 
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As 
n. i p = n£(t) + nj(t) (1.20) 
with rip(t) denoting the number of particles per unit volume attached to bubbles at time t, 
and it is assumed tha t n£(£) = n%(t), we may rewrite (1.1) in the form 
Equation (1.21) must be solved subject to the initial condition tha t np = n^(0) = n^D, where 
n£G is the number density of free ink particles at time t — 0. 
In the balance equation (1.1) for the concentration of free ink particles it was explicitly 
assumed, by virtue of the presence of the expression nB in the rate parameter (1.2a), that 
only bubbles which do not already have an ink particle attached to them are capable of 
picking up a particle and removing it from the flotation cell; we now relax this assumption 
by replacing nB in (1.2a) by nB where nB > nB represents the concentration of bubbles 
which are available to pick up ink particles. Assuming no bubble/particle aggregate rotation 
as it rises in the flotation cell, nB represents all bubbles up to (and including) those with one 
particle less than the maximum number of particles which may be packed, geometrically, on 
the upper hemisphere of a given bubble. Furthermore, it will be assumed in this report that 
the expressions for PC1 Pasi, Pstab, Z, and Z' have the explicit forms/values delineated in this 
section irrespective of the number of particles actually attached to individual bubbles. 
Finally, because we no longer assume that the concentration of bubbles with particles at­
tached to them is identical to the concentration of particles attached to bubbles, in the 
detachment term on the right-hand side of (1.1) we must replace nB by n£. Therefore, in 
lieu of the balance equation (1.1) we consider the model whose first equation has the form 
dnfp 
= -km* + k2nap (1.23) dt 
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where k2 is still given by (1.2b) but, now, 
h = Zn^PcPasiPtpcPstab = fcng (1.24) 
We also let A(t) represent the average number of particles, at time t, which are attached to 
a bubble in the exit stream. If each bubble with attached particles is carrying only one ink 
particle then A(t) = 1. 
The following relations are obvious and are a direct consequence of the definitions of 
nB, nBl nB, nf,, np, and np, namely 
n & M < n£(t) < nB (1.25) 
and 
naB < nap = np - nfp (1.26) 
By virtue of (1.25) 
-n£(t) < -nfB(t) (1.27) 
Using this result in (1.23) we have, in view of (1.24), 
- ± < - f e i n j ^ + fenj ( 1 2 g ) 
= ~hnfp{nB - n%) + k2(np - n0 
The differential inequality (1.28) is coupled to the initial condition 
nfp(0)=nfpo = np (1.29) 
We will study solutions of the system (1.28), (1.29) with the goal of producing an upper 
bound for n£(£); an upper bound for n^(t) will, of course, yield a lower bound for the efficiency 
Eff(i) = 1 - y(t) = 1 - H(t)lnv) (1.30) 
By virtue of (1.28) we have 
< -hn^UB + kxnln% + k2{np - nfp) (1.31) 
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However, in view of the definition of A, 
1 
a — —r>a nB = n 
and, therefore, (1.31) may be rewritten in the form 
DNL 
< - H N F P N B + ( — 1 NF(NP - NFP) + K2{NP - NFP) (1.32) 
A particularly conservative approach, at this junction, would consist, e.g., of taking the 
maximum carrying capacity of a bubble to be the maximum number (K) of particles that 
can attach to a typical bubble in the flotation cell along an arc (on one hemisphere) of a 
great circle on the bubble. We note that K is a function only of the radii Rp and RB of the 
particle and bubble, respectively; in fact it is easily shown that (2a)K < n so that , in fact, 


















so tha t 
is even, where [z] denotes the greater integer less than or equal to z. For Rp « RB 
RB + Rp 
K = .fHS))j 
(1.35) 
(1.36) 
Thus, for the concentration of bubbles available to capture particles at any time t we have 
nB = n B - nB' (1.37) 
while for the concentrations, respectively, of bubbles with particles attached to them, and of 








nap = EinB3 (1-39) 
n B = nAB + nf = £ r # + n g K = £ n g * (1-40) 
na (K . K \ 
We note that A > 1 and A = 1 if and only if naB,j — 0 for j > 2. 
In order to more precisely specify the quantity A we may assume the existence of an 
experimentally determined distribution function 
f(x) = n°f (1.42) 
to represent the concentration of bubbles which have exactly x particles attached to them. 
In actuality, of course, the concentration of bubbles which have a fixed number x of particles 
attached to them will fluctuate with time; in a first model, however, we may assume tha t 
for fixed x, f(x) represents an average over a time interval [0, T] of interest in the problem, 
i.e., 
m = ^[n^(t)dt = n%x (1.43) 
In implementing the model, this assumption is used only to deal with the coefficient involving 
A in (1.32). 
In (1.43) x is a nonnegative integer which varies from zero up to the maximum carrying 
capacity of one hemisphere of a typically sized bubble. In order to illustrate the type of 
results which are possible with an experimentally determined distribution function f(x), let 
us assume tha t f(x) is proportional to a normally distributed random variable with mean 
\K, variance a 2 , and standard deviation a, i.e., with the constant of proportionality denoted 
by k 
f{x) = - J L _ e - < * - i * > 2 / 2 * = { l M ) 
and 
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for 0 < x < oc, with f(x) = 0 for x < 0. We may think of f{x), as given by (1.44), 
as interpolating the values of / at nonnegative integer values x because nBx is meaningful, 
physically, only at such values. The constant of proportionality k in (1.44) can be determined 
as follows: for x = K/2 
Thus, 
so that 
Prom (1.47) it follows that 
k 
2?ra 
f(K/2) = naBK/2 = 
k = y/27ranBK^2 














nf/2 = nB/F(K;S) 
K 
F(K',cr) = Y,e-{J-K/2)2/2*2 
Using (1.49), (1.50), we may rewrite (1.47) in the form 





In (1.32), A as given by (1.41) will, in general, fluctuate with time; so as not to have to 
deal with a system with time-dependent coefficients we now replace A in (1.41) by 
K K 
so tha t 
nap = AnaB (1.53) 




3=1 / j=l 
= G(K\a) 
The model under consideration is based on the differential inequality (1.32); this inequal­
ity is subject to the constraint that UB and np are constant as well as to the initial condition 
(1.29). 
In (1.32) 
h = ZPcPasiPatab (1.55a) 
k2 = Z'(l - Pstab) (1.55b) 
and A is the (time-averaged) average number of particles attached to those bubbles with 
attached particles; for the Gaussian distribution considered above e.g., A would be given by 
G(K\cr), as defined in (1.54). An upper bound for the set of solutions of (1.32), (1.29) is 
obtained by considering (1.32) with inequality replaced by equality, i.e., 
dnf - / L \ 
= -hnfpnB + ( j J nfp(np - nfp) + k2(np - nfp) (1.56) 
which we may rewrite in the form 
12 
If we now set 
7(t) = n'WK 
(1.58) 
then (1.57) assumes the form 
kinp (1.59) 
Finally, we assume that np < AnB and set 
where 
^ = ^ E , B = Kk1-k2l C = k2 
« = - n B < 0 
Employing the definitions in (1.60), (1.61) and replacing 7(2) by Y(t) = 
we obtain f it) = AT\t) + BT(t) - C 
(1.60) 
(1.61) 
-7(t) in (1.59) 
(1.62a) 
with the associated initial condition 
4(0) 
r(o) = —̂  = - 1 
ftp 
(1.62b) 
2 Model Solutions To integrate th  model system (1.62a,b) we write (1.62a) in the form 
f(t) = A 2AJ \4A
2 A (2.1) 
Because 
there exists a /i > 0 such tha t 
B2 C n + ^ > 0 
4 ^ 2 X 
2 # 2 C 
M = 4 ^ + A 
(2.2) 
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Thus, if we set 
then (2.1) becomes, for t > 0, 
x(t) — A(x2(t) — fj,2) 
and associated with (2.4) is the initial condition 




If x2(t) > fj?, for all t > 0, then as > 0 it follows tha t x(t) > 0 for all t > 0 and this, in 
turn, is equivalent to 7(4) < 0 for all i > 0. 
R e m a r k s : In view of the definitions of A and B we have the explicit expressions 
x{t) = — P 




- ~npW + ( " P ~ A N B ) H - k2A 
np 2k\Up 
[(n p - AnB)ki - k2A]2 k2A 
h 4k2NL 






By virtue of (1.61), x(0) < 0. 
Returning to the model system written in terms of x(t), we note that (2.4) is a separable, 
first-order equation which may be integrated explicitly so as to yield 
2fi 
In 
x(t) — /J, 
x(t) -f fl 
— In 
x(0) - n x(Q)+fi = At (2.9) 
for t > 0. Equation (2.9) has been obtained under the hypothesis tha t x2(t) > fi27 for all 
t > 0; this hypothesis will be substantiated below. If we now set 
x{0) - fi 
0O = 
x(0) + \i (2.10) 
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t h e n it follows from (2.9) t h a t 
= ( 2 - n ) 
As X(0) < 0, X(0) — FI < 0, where /J, is given explicit ly by (2.7). In order, therefore, t o 
conclude t h a t (3$ as defined by (2.10) satisfies J3O > 0 we need a condi t ions which implies 
t h a t X(0) + FI < 0. However, 
rr(0)+^ = - l + —+/i (2.12) 
while 
B2 C \B\ 
T h u s 
* ( 0 ) + p > - l + |L + g L _ i (2.14) 
as B < 0. O n t h e o the r h a n d 
so t h a t 
T,(CL\ -A- a. < — 1 4- K\ 
A 
J (2-15) 
*(0)+/i<-! + ./£ (2.16) 
Combin ing (2.14) a n d (2.16) we ob ta in 
- K x ( 0 ) + / i < - l + ^ (2.17) 
Therefore, x(0) -f /i < 0 provided C < A, i.e., provided 
KINP fc2 < ^ < 2 - 1 8 ) 
As x(0) < 0, :c(0) = — |x (0) | , a n d (2.10) m a y b e wr i t t en in t h e form 
A - r S 1 * (2'19) 
But , we have shown t h a t (2.18) implies t h a t FIO> 0 and , as \I > 0, i t t h e n follows from (2.19) 
t h a t \x(0)\ > p in which case /?o > 1. Prom (2.11) we ob ta in 
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B u t Po > 1, so 1 - poe2fiAt ^ 0, Vt > 0, a n d it t h e n follows from (2.20) t h a t > 0, for 
all t > 0. A direct c o m p u t a t i o n shows t h a t x ( i ) , as defined by (2.11), satisfies b o t h (2.4) 
a n d (2.5) a n d , therefore , by local uniqueness of t h e solut ion of t h e init ial -value p r o b l e m we 
conclude t h a t (2.11) is t h e u n i q u e so lut ion of (2.4), (2.5). T h u s , x(t), as given by (2.11) 
satisfies 
B u t x(t) > 0,t > 0, a n d A > 0 so x(t), as given by (2.11) also satisfies x2(t) > jj2, for all 
t > 0. 
3 T h e o r e t i c a l M o d e l P r e d i c t i o n s 
We wr i t e t h e solut ion (2.11) t o t h e init ial-value p r o b l e m (2.4), (2.5) in t h e form 
^ = x 2 ( i ) - / u 2 , t > 0 
lit) = A* 
' A e ^ ' + l l B_ 
p0e2^At-l + 2A 
or, as B < 0, 
7(«) 
1 + ( l / A Q e - ^ 
1 - ( l / / 3 0 ) e - 2 ^ 
1*1 
2A (3-1) 
It follows a t once from (3.1) t h a t 
(3-2) 
or, in view of (1.60), (1.61), (2.7), a n d t h e definition of 7 
[(np - AnB)ki - fc2A]2 ^ k2A 4kjn2 kinp 
[(np - AnB)ki - k2A] 2ki np (3-3) 
F u r t h e r m o r e , for 
C Ak2 A npk\ 
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smal l ( the expec ted s i tua t ion) t h e mean-va lue t h e o r e m m a y be used t o app rox ima te t h e 
r i gh t -hand side of (3.2) as follows: 
\B\ _ \&_ , C \B\ 
A 
1 





l im — = t —T = 7oo (3.4) 
in which case (3.2) yields 
Alternat ively, we m a y wr i t e for t h e large t ime a sympto t i c l imit of t h e n u m b e r of free part ic les 
fe^(t)=7—lrr^:sn»~ (3-5) 
Prom (2.3) a n d t h e fact t h a t T(t) = —~f(t) we o b t a i n x(t) = —j(t) in which case (2.20) 
p roduces 
7 ( i ) = ( A e * * - 1)2 ( 3 ' 6 ) 
for all t > 0. P r o m (3.6) we infer t h a t t h e g r a p h of j(t) = n ^ ( ^ ) / n p is (s t r ic t ly) monotonica l ly 
decreasing for all t > 0. Fu r the rmore , 
foe2fiAt + 1 
7 = 8»3A20oe2»At > 0 (3.7) 
( f e ^ - l ) 8 
for all t > 0, so t h a t t h e g r a p h of j(t) is convex for a l H > 0. T h e init ial s lope 7(0) of t h e 
g r a p h of 7(£) is given by 
and , thus , t h e equa t ion of t h e t angen t line t o t h e g r a p h of j(t) a t t i m e t = 0 is 
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Prom (3.9) we easily o b t a i n t h e value of t h a t t ime t a t which t h e t a n g e n t line 7(f) t o 7(f) . 
a t t = 0, in tersec ts t h e a s y m p t o t i c level 7 = 7 ^ (as given by (3.4): 
1 t = 
7c 
(3.10) T h e larger t h e ini t ial r a t e of decline of free par t ic les t h e smaller t h e value of i. 
Now let t* represent t h e t i m e required for 7(2), t h e ra t io of free ink par t ic les t o t h e 
(cons tan t ) t o t a l n u m b e r of ink par t ic les , t o fall t o a specified level 7*, 7oo < 7* < 1- T h e n 
from (3.1) we easily c o m p u t e t h a t 
t* = 
1 2FIA 
In .fit 1 V+î l-i (3.H) 
In pa r t i cu l a r if 7* = ^ t h e n t* = £1/2, t h e t i m e required for t h e r a t io of free ink part icles 





1 f l + | B | / A j + 1 
(3.12) A useful a p p r o x i m a t i o n t o ti/2 m a y b e ob ta ined by working wi th t h e t a n g e n t line t o t h e 
g r a p h of 7 ( t ) a t t = 0, i.e., w i t h j(t) as given by (3.9); we let ti/2 r epresen t t h e t i m e a t which 
t h i s t a n g e n t line in tersec ts t h e level 7 = i i.e., 
Now, _1 (ft - \f 









and, thus, (3.13) may be reduced to 
f l / 2 = 2 l • | * ( 0 ) | * - ^ ( 3 1 4 ) 
Using (2.7) and (2.8) we easily obtain 
A I — 
(3.15) 
\npJ 
Thus, from (3.14), (3.15), and (1.60) 
« i / 2 = l /2£mB (3.16) 
Also, the magnitude of the initial rate of decrease of free particles is, by virtue of (3.8), 
|7(0)| = 4 / A 4 f t / ( A - l ) 2 
= A(\x(0)\*-f) (3.17) 
= HNB 
Because both (3.16) and (3.17) are based on the tangent line approximation to the graph of 
7(i) at t = 0, neither result involves the kinetic constant k2 which mediates detachment of 
particles from bubbles. A measure of the efficiency of the deinking process which involves 
both k\ and k2 is, of course, tij2 which may be written in the form 
1 
h/2 = ~—~ s In 
(A + |J5| + 2pA) 
- Info \ (3.18) 
2/iA {""[(A+\B\~2fiA)\ 
A second measure of the efficiency of the deinking process which we have is represented by the 
large time limit of the ratio n^(t)/np as given by either (3.3) or by the approximate expression 
(3.4); this measure also exhibits the competition between attachment and detachment of 
particles to/from bubbles and may be written as 
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if we work with the approximation in (3.4). Clearly, for fixed NP,RIB, and A, as KI j , 7̂  [ 
and as A:2 I, 7oo i- A lower bound for the actual eficiency of the deinking process, as gauged 
by the model, is given by (1.30) and (3.1), i.e., 
1 + Kle-2f*At (3.20) 1 -/?0_1e-2 *̂ 
while a lower bound for the asymptotic (large-time) eficiency is determined, by virtue of 
(3.19) as 
EFF(OO) > l + 
~ 1-
(3.21) 
Remarks: By using the definitons of K\ and K2 it is an easy algebraic exercise to rewrite 
the lower-bound (3.21) for the asymptotic eficiency EFF (00) in the form 
1 
EFF (00) = 1 KM (3.22) 
where K = N B - -
M = (J) PCPASL 
Insertion of the expression (1.3), for PSTAB, into (3.22) then yields as a lower-bound 
1 
(3.23) 
EFF (00) = 




BO' - 1 
BO' is the modifed bond number, as given by (1.4), and a, 0 < A < 1, is the stability param­
eter associated with particle/bubble aggregate stability. The relation (3.24) thus displays 
the functional dependence of the asymptotic eficiency EFF (00) on the parameter A. 
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Flotation deinking trials were performed on the B-line at Abitibi's recycle mill in Sheldon, 
Texas. The B-line consists of a mixing cell, 7 primary Ecocells and two secondary cells 
manufactured by Voith Sulzer. Only two variables, feed flow rate and feed consistency, were 
varied for the initial experiments. Table 1 shows the experimental conditions that were 
varied for the five experiments that were conducted. A total of seventeen samples were 
collected from experiment 1. Twelve samples were collected from each of the remaining 
four experiments. The samples were shipped immediately and stored in a cold room upon 
arrival. The samples were then tested for consistency, made into handsheets, and used for 
ERIC analysis and dirt count measurements. The ERIC and dirt count measurements were 
performed at the laboratories of Eka Chemicals in Marietta, Georgia. 
(a) Sur face Tens ion M e a s u r e m e n t 
Aliquots of the 64 mill samples were filtered through a Whatman No. 4 filter paper and 
the filtrates were used to determine the surface tension. Approximately 100 ml of the 
filtrates was collected from each sample. Surface tension was measured using a Cahn 
DCA 312 apparatus (Wilhelmy plate method). Tables 2-6 list the data for the surface 
tension measurements. It is observed that the surface tension of the overflows is lower 
than that of the other samples for all the experiments. In general, the range of surface 
tension values lies between 41-44 dynes/cm for all overflows and primary rejects, and 
between 45-50 dynes/cm for all other samples. 
(b) H a n d s h e e t m a k i n g p r o c e d u r e 
First, the consistency of the pulp samples was determined. The amount of pulp neces­
sary for making a 3 gram handsheet was calculated. The desired amount of pulp was 
transferred to a graduated cylinder and diluted to 1000 ml using deionized water. A 
4 E x p e r i m e n t a l M e t h o d o l o g y 
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150-mm filter p a p e r was p laced in a leveled, fr i t ted glass Buchner funnel a n d wet ted wi th 
deionized w a t e r from a wash bot t l e . Suct ion was appl ied t o seat t h e filter p a p e r . W i t h 
no suct ion appl ied t o t h e funnel t h e 1000 ml stock was rap id ly p o u r e d . Subsequently, 
suct ion was appl ied unt i l all t h e excess water was removed. T h e Buchner funnel was 
inverted over a s t a n d a r d b lo t t er p a p e r a n d t h e tes t sheet a n d filter p a p e r were dislodged 
from t h e funnel by blowing into t h e funnel s tem. T h e b l o t t e r p a p e r , t e s t sheet a n d filter 
p a p e r were placed on a flat surface, covered w i th a n a d d i t i o n a l b l o t t e r p a p e r a n d couch 
p la te . A couch roll was rolled five t imes w i th no pressure be ing appl ied except for t h e 
weight of t h e roll, t h e n t h e couch p l a t e a n d t o p b l o t t e r were removed, a n d a n indelible 
penci l was used t o identify t h e tes t sheet. Next , a sheet of b l o t t e r p a p e r was placed on 
t h e press . O n th i s b l o t t e r was placed a clean dry ing p l a t e w i th i ts pol i shed surface facing 
u p w a r d s . T h e t e s t sheet w i t h t h e filter p a p e r was placed face down on t h e dry ing plate . 
T w o m o r e b l o t t e r p a p e r s were t h e n placed on t o p . T h e stack (from t h e b o t t o m ) t h e n 
consisted of one b lo t t er , a dry ing p la te , t h e t e s t sheet, filter p a p e r , a n d t h e two b lo t ters . 
O n t h i s s tack a clean d r y i n g p l a t e for t h e next test sheet was added . T h i s sequence was 
cont inued till 8 t e s t sheets were accumula ted . C a r e was t a k e n t o center t h e dry ing sheets. 
T h e cover was placed over t h e final s tack a n d t ightened . T h e pressure was raised t o 50 
psig in 30 seconds a n d t h e n m a i n t a i n e d for a n add i t iona l 90 seconds. After removing t h e 
press cover, t h e filter p a p e r was removed from t h e test sheets . T h e h a n d s h e e t s were dried 
using a commercia l d r u m dryer a n d were t h e n left in a T A P P I h u m i d i t y a n d t e m p e r a t u r e 
control led env ironment unt i l analysis . 
( c ) M e a s u r e m e n t of h a n d s h e e t p r o p e r t i e s 
A n E R I C value is a m e a s u r e of t h e ink a t t a c h m e n t t o t h e fibers. E R I C values repre­
sent a n e s t i m a t e of t h e a m o u n t of ink below 10 micrometers t h a t is in t h e fiber. T w o 
h a n d s h e e t s were m a d e for each p u l p sample t h a t was ob ta ined from t h e mill. For t h e 
m e a s u r e m e n t of E R I C , t h r e e m e a s u r e m e n t s were m a d e on t h e t o p side of each handshee t 
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and three measurements were made on the bottom side of each handsheet. The results 
were tabulated as the average of the six readings for each side. The ERIC measurements 
in table 7 were performed on a Technidyne Color Touch ISO instrument. The Ink Scan 
evaluates the ink particle distribution from 10 micrometers to 200 micrometers. Five 
measurements were made from the top side of each handsheet and 5 measurements from 
the bottom side of each sheet for a total of 20 measurements per pulp sample. The 
average of the twenty measurements is reported in table 8. The particles were divided 
into three size ranges and the overall efficiency for the flotation line was calculated for 
the three individual size ranges. 
( d ) D e t e r m i n a t i o n o f M o d e l P a r a m e t e r V a l u e s 
The data obtained from the five experiments conducted at the recycle mill were compared 
to the modified model for continuous flotation; as a first step the parameters used in the 
model had to be identified. The modified model requires thirteen parameters to evaluate 
the long-time deinking efficiency Eff(oo). Many of these parameters were measured and 
some that could not be measured were input as "educated guesses." 
Density of fluid and viscosity of the pulp in the model were specified to correspond to 
those of water. The viscosity of fiber suspensions is known to be highly non-Newtonian 
and will deviate significantly from that of water. Also, the consistency of the fiber 
suspension will affect the apparent viscosity of the suspension. The effect of viscosity 
will be further discussed in the section on model parametric variations. 
The particle diameter was fixed at the upper value in the data range. Since, a significant 
portion of the ink particles were determined to be in the 8-20 pm size range, the radius 
of the particles was fixed at 10 pm. The particle density was specified to be 1.2g/cm 3. 
The particle concentration was calculated from the dirt count measurements and the 
consistency of the feed suspension. Because, a narrow range of 45-50 dynes/cm was 
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measured for most of the samples in all five experiments, the surface tension parameter 
was assumed to be a constant with a value of 50 dynes/cm. Contact angle, a tough 
parameter to measure, was set at 60°. The bubble surface mobility (Cjs), was set to a 
constant value of 1 signifying that the bubbles behaved as rigid spheres. 
Power input was computed to be approximately 7.18 W/kg/cel l for a recycle line process­
ing 300 tpd (tons per day) at 1.3% consistency (Personal communications with Martin 
Kemper of Voith Sulzer); this calculation is presented below. It was assumed that the 
entire power consumed by the line was converted into turbulent mixing energy. The cal­
culation proceeds as follows: The inlet pressure of an Ecocell is 0.9 bar.- The specific 
power consumption of a standard Ecocell line is about 27 kWh/ ton . A standard Ecocell 
line consists of 5 primary cells and 1 secondary cell. About 12.5 t o n / h are processed. 
Thus 
27kWh 12.5 ton 0 0 „ 1 T z r 
x - = 337 kW 
ton h 
is the power consumption for a line producing 300 tpd, which is the production rate 
on line B at Houston. For 5 primary and 1 secondary cell we have a total volume 
of 46917 L (again, the Houston Mill data) . As we assume a density for the slurry of 
^slurry = W c m 3 ' 4 6 9 1 7 L = 4 6 9 1 7 k S s m r r v - T h u s 
337,000W ^ 1 0 1 1 7 / 1 
e = l 6 9 1 7 k ^ = 7 ' 1 8 W / k g 
Gas hold-up was not measured and was estimated to be 10%. 
Bubble diameter, is a parameter that is currently guessed, and needs to be measured 
in a mill setting; this parameter appears in each of the equations tha t determine the 
probability of the individual microprocesses. Flash X-ray Radiography is not suitable for 
measuring bubble diameter in a mill environment and an alternate technique has to be 
utilized. An optical method described by O'Connor et.al. [9] and Hunold et.al. [10] is a 
good candidate for initial investigation. Using the relationship (1.6) an RB,max of 1.1194 
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m m m a y b e c o m p u t e d as f o l l o w s : A s 1 W / k g = 1 0 4 c m 2 / s e c 3 , e = 7 .18 W / k g = 7.18 x 
1 0 4 c m 2 / s e c 3 . F o r pt w e t a k e p£ = 1 g / c m 3 w h i l e a is e s t i m a t e d a t 5 0 d y n e s / c m . S ince 1 
d y n e = 1 g - c m / s e c 2 w e h a v e a = 5 0 g / s e c 2 . S o l v i n g ( 1 . 6 ) f o r RB,max w e f i n d 
1 3 ~3 _2 
Rb,max = ^ 0 - 5 f t 6 6 ~ 
- i ( 5 0 g / s e c 2 ) t ( l g / c m 3 ) ^ ( 7 . 1 8 x 1 0 4 c m 2 / s e c 3 ) ^ 
= . 1194 c m ( o r 1 .1194 m m ) 
A s Rs,max — 1 .1194 m m , a v a l u e f o r RB o f 0 .75 m m w a s s e l e c t e d f o r use i n t h e m o d e l . 
W i t h RB a n d e k n o w n , t h e c o n s t a n t bubble concentration c a n b e c a l c u l a t e d . 
T h e t w o r e m a i n i n g p a r a m e t e r a r e A a n d a. A r e p r e s e n t s t h e a v e r a g e n u m b e r o f i n k 
p a r t i c l e s a t t a c h e d t o a b u b b l e t h a t h a s i n k p a r t i c l e s a t t a c h e d t o i t . T h e r e is n o k n o w n 
m e t h o d o f d e t e r m i n i n g t h i s p a r a m e t e r i n a m i l l . F o r m o d e l v a l i d a t i o n p u r p o s e s , t h e v a l u e 
o f A w a s set e q u a l t o i t s m i n i m u m v a l u e o f 1 ; a p a r a m e t r i c v a r i a t i o n o f A w a s c o n d u c t e d 
w h i l e m a i n t a i n i n g a l l o t h e r p a r a m e t e r s c o n s t a n t . T h e s t a b i l i t y p a r a m e t e r a w a s t r e a t e d 
as a f i t t i n g p a r a m e t e r . I t m a y b e s h o w n t h a t t h e m o d e l i s v e r y s e n s i t i v e t o t h e v a l u e o f 
a. I n f u t u r e w o r k , t h e p a r a m e t e r a w i l l e i t h e r b e m o d e l e d d i r e c t l y o r w i l l b e b a c k e d o u t 
( c u r v e f i t t e d ) f r o m a set o f e x p e r i m e n t a l d a t a . 
5 M i l l R e s u l t s v s . M o d e l P r e d i c t i o n s 
E x p e r i m e n t a l f l o t a t i o n e f f i c ienc ies ( o f i n k p a r t i c l e s i n t h e 8 -20 pm r a n g e ) f o r t h e f i v e ex ­
p e r i m e n t s a t t h e m i l l v a r i e d b e t w e e n 85 a n d 9 0 p e r c e n t ; t h e u p p e r l i m i t o f t h e s ize r a n g e w a s 
u s e d as t h e p a r t i c l e d i a m e t e r i n t h e m o d e l . D a t a f r o m e x p e r i m e n t 1 , w h e r e i n s t a n d a r d o p e r ­
a t i n g c o n d i t i o n s w e r e m a i n t a i n e d , w a s u s e d t o d e t e r m i n e t h e v a l u e o f t h e f i t t i n g p a r a m e t e r 
a. M a i n t a i n i n g a f i x e d , t h e p r e d i c t e d e f f i c ienc ies o f t h e o t h e r e x p e r i m e n t s w e r e c o m p u t e d . 
S i m i l a r c o m p a r i s o n s w e r e m a d e f o r t h e d e i n k i n g e f f i c i e n c y o f p a r t i c l e s i n t h e 2 4 - 5 2 pm r a n g e . 
B u b b l e r a d i u s w a s set a t 0 .75 m m f o r a l l t h e c o m p a r i s o n s . T a b l e 9 l i s t s t h e v a l u e s o f t h e 
p a r a m e t e r s t h a t w e r e u s e d i n t h e p a r a m e t r i c s t u d y . I n t h e figures a n d d i s c u s s i o n t h a t f o l l o w 
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it is a s s u m e d t h a t all p a r a m e t e r s , except t h e one be ing varied, are fixed a t t h e values given in 
t a b l e 9. Tab le 10 lists t h e compar i son of t h e exper imenta l d a t a w i th t h e long t i m e deinking 
efficiency pred ic t ed by t h e m a t h e m a t i c a l model . 
F igure 1 shows t h e effect of p a r a m e t e r a on t h e long t i m e deinking efficiency. It is 
in teres t ing t o n o t e t h a t t h e r e are two ranges wi th in which t h e efficiency is independent of a. 
T h e lower r a n g e be tween 0.2 < a < 0.5 predic t s 100% efficiency for t h e removal of part ic les 
w i t h a r a d i u s of 10 fim. T h e 0.6 < a < 1 r a n g e predic t s a n efficiency of 34% for t h e same 
part ic les . In figure 2 we see t h e effect of t h e p a r a m e t e r a on t h e flotation of ink part ic les 
wi th a r a d i u s of 25 jum by bubb le s w i th a r a d i u s of 0.75 m m . Here efficiency increases wi th 
increasing a values a n d a t t a i n s 99 percent a t a n a value of 0.3. 
Var ia t ions in t h e t u r b u l e n t energy dens i ty (e) influence t h e pred ic t ed removal efficiency 
t h r o u g h t h e collision r a t e s a n d t h e probabi l i ty of stabil ity. F igure 3 shows t h e dependence 
of efficiency on e for a values of b o t h 0.2 a n d 0.7. 
B u b b l e r a d i u s h a s a variable influence on t h e long t i m e efficiency. For t h e value of 
a = 0.2 in figure 4 a b u b b l e larger t h a n 0.90 m m in r a d i u s h a s a negligible effect on t h e 
removal efficiency for part ic les wi th a n Rp of 10 pm. 
Figure 5 shows t h e effect of Rp on t h e long t i m e efficiency. A high efficiency is pred ic ted 
by a n a of 0.2 a t Rp of 10 / /m, b u t efficiency drops significantly for higher values of Rp. For 
a n a value of 0.7 t h e efficiency rises sharply for part ic les larger t h a n 10 /zm a n d decreases 
slightly for part ic les larger t h a n 75 jim.. 
Exper imenta l ly , feed consistency a n d feed flow r a t e were t h e two factors t h a t were varied 
d u r i n g t h e mill t r ia l s . B o t h of these p a r a m e t e r s are n o t direct ly required for t e s t ing t h e 
model . Cons is tency should b e re la ted to t h e viscosity p a r a m e t e r in t h e mode l b u t a prel imi­
n a r y search of t h e l i t e r a t u r e did not provide a m a t h e m a t i c a l re la t ionsh ip re la t ing viscosity t o 
consistency; such a re la t ionsh ip , between consistency a n d viscosity, could b e o b t a i n e d (and 
curve-f i t ted) from a n e x p e r i m e n t a l p r o g r a m . A p a r a m e t r i c s t u d y of viscosity, holding all 
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the other parameters at the values given in table 10 is shown in figure 6. The experimental 
efficiency is shown as the filled circle. The predicted long time efficiency decreases almost 
linearly with increasing viscosity. 
It is widely accepted that there is bubble coalescence at higher consistencies. The effect 
of bubble coalescence might dominate over the increase in viscosity. Figure 7 shows the 
change in efficiency due to increase in bubble radius. Experimental efficiency is, once again 
denoted by the filled circle. For a fixed particle radius, an increase in bubble radius leads to 
an asymptotic increase in efficiency. 
The two main conclusions which follow from the work presented here are the following: 
i. The continuous flotation model shows great promise for being able to predict industrial 
recycle mill efficiencies if the remaining 'gaps1 in the model can be closed, specifically, 
the measurement of bubble size, the functional form of the stability parameter a, and 
the relationship between consistency and viscosity. 
ii. Once these 'gaps' in the model are closed the model can also be used to optimize mill 
performance, i.e., it can be used to predict, e.g., the optimal bubble size to use for 
particles sizes (in a specific range) so as to maximize large-time efficiency. The model 
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N o m e n c l a t u r e List 
Bo' - modified Bond number 
r A < \ M ( 2 A - | r . | ) I ^ / H\n\ - | r . | ) 
C# - parameter characterizing the bubble surface mobility 
Ci - gas constant 
Eff(t) - global process efficiency at time t : 1 — (n£(£)y/n p) 
Efi(t)i - global process efficiency at time t based on the first iteration of n^(t) , i.e., on 
G - dimensionless particle settling velocity 
K - maximum number of particles tha t can attach to a bubble along an arc, on 
one hemisphere, of a great circle on the bubble 
P - PcPasiPtpcPstab, i.e-, the overall probability of the formation of a stable 
bubble/particle aggregate 
Pc - probability of collision between a particle and a bubble 
Pasi - probability of adhesion by sliding 
Pdestab - probability of destabilization of a bubble/particle aggregate 
Pstab - probability of stability of a bubble/particle aggregate 
Ptpc - probability of the formation of a three-phase contact 
RB - bubble radius 
Res - bubble Reynolds number 
Re'B - ^Re°B2 
Rep - particle Reynolds number 
Rp - particle radius 
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relative velocity between a bubble and the fluid 
relative velocity between a particle and the fluid 
collision frequency divided by the number of bubbles available to capture 
particles at time t > 0. 
detachment frequency of particles from bubbles 
particle diameter 
error function 
fluid flow friction factor 
acceleration due to gravity 
\ 4r 4r3J B \ r r 3 r4 J 
initial thickness of the film separating a bubble and a particle 
film thickness at which the film ruptures spontaneously 
/ (i 3 J R G _I_ RB\ I O P . . (RB R% R% , RB 
H1 " ~2r~ + 2 ^ ) + 2 H 6 b ~ 73" * 7 ^ + T 
forward (attachment) rate parameter 
reverse (detachment) rate parameter 
Z Pc-Paal-PtpcPstab 
constant (total) bubble concentration 
concentration of bubbles available to capture particles 
concentration of bubbles with attached particles 
free bubble concentration 
concentration of bubbles with j particles attached, 0 < j < K. 
constant particle concentration 
concentration of free particles 
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npo - initial concentration of particles (= n^0) 
n^Q- initial concentration of free particles 
r - radial distance from the center of a bubble 
vB - bubble rise velocity 
vp - particle velocity 
vps - particle settling velocity 
A(t)- average number of particles, at time t, which are attached to a bubble in the 
exit stream 
1 rT 
A - time averaged A, i.e., — / A(t)dt 
T Jo 
- summation symbol 
a - system parameter mediating the stability of bubble/particle aggregates 
e - (Kolmogorov) turbulent energy density 
7 - ril/nfPo 
X - dimensionless friction factor 
pi - fluid viscosity 
vi - kinematic viscosity 
PB - bubble (gas) density 
pi - fluid density 
pp - particle density 
a - surface tension 
a - standard deviation of a normally distributed random variable 
0 - contact angle 
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Experiment number Feed Flow Rate (GPM) Feed Consistency (%) 
1 4040 1.24 
2 3640 1.24 
3 3640 1.11 
4 4030 1.37 
5 4440 1.24 
Table 1: Factors varied during the mill trial. 
Experiment # 1 Cycle 1 Cycle 2 Ave. Surface 
Tension 
(dynes/cm) (dynes/cm) (dynes/cm) 
Discharge Cells 
1 49.32 49.11 49.22 
2 49.43 49.30 49.37 
3 46.35 46.87 46.61 
4 50.60 50.57 50.59 
5 49.21 49.11 49.16 
6 46.74 47.04 46.89 
Overflow Cells 
1 42.02 42.31 42.17 
2 41.36 41.71 41.54 
3 44.21 43.58 43.90 
4 43.98 43.48 43.73 
5 43.12 43.00 43.06 
6 44.50 44.04 44.27 
Mixcell Discharge 49.73 50.28 50.01 
Feedflow 50.77 50.51 50.64 
Accepts from 2nd Secondary 
Cell 
44.93 45.15 45.04 
Rejects 1-6 from Primary Cell 45.93 45.58 45.76 
Flotation Accepts 48.57 48.63 48.60 
Table 2: Surface Tension measurements on filtrates from pulp samples 
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Experiment # 2 Cycle 1 Cycle 2 Ave. Surface 
Tension 
(dynes/cm) (dynes/cm) (dynes/cm) 
Discharge Cells 
1 49.26 49.20 49.23 
2 47.97 47.68 47.83 
3 47.09 46.80 46.95 
5 48.72 48.66 48.69 
6 50.71 50.50 50.61 
Overflow Cells 
1 41.25 40.85 41.05 
3 44.08 44.08 44.08 
6 44.27 43.85 44.06 
Feed Pump 46.39 46.15 46.27 
Primary Accepts from Cell 7 46.41 47.71 47.06 
Primary Rejects 45.00 44.44 44.72 
Discharge Cell 2 48.66 48.13 48.40 
Table 3: Surface Tension measurements on filtrates from pulp samples. 
Experiment # 3 Cycle 1 Cycle 2 Ave. Surface 
Tension 
(dynes/cm) (dynes/cm) (dynes/cm) 
Discharge Cells 
1 49.60 49.14 49.37 
2 46.22 46.39 46.31 
3 48.66 48.53 48.60 
5 48.90 48.10 48.50 
6 49.83 49.40 49.62 
Overflow Cells 
1 43.66 43.22 43.44 
3 44.81 44.31 44.56 
6 42.55 42.00 42.28 
Mixcell Discharge 46.89 46.75 46.82 
Feedflow 51.02 50.51 50.77 
Primary Accepts from Cell 7 49.66 49.94 49.80 
Primary Rejects 45.53 45.02 45.28 
Table 4: Surface Tension measurements on filtrates from pulp samples. 
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Experiment # 4 Cycle 1 Cycle 2 Ave. Surface 
Tension 
(dynes/cm) (dynes/cm) (dynes/cm) 
Discharge Cells 
1 49.17 48.83 49.00 
2 50.43 50.14 50.29 
CO
 48.87 48.49 48.68 
5 45.46 45.90 45.68 
6 46.90 47.14 47.02 
Overflow Cells 
1 44.20 44.45 44.33 
3 45.67 45.67 45.67 
6 43.72 43.34 43.53 
Mixcell Discharge 50.80 50.08 50.44 
Feedflow 46.41 46.84 46.63 
Primary Accepts from Cell 7 49.00 49.12 49.06 
Primary Rejects 40.42 41.27 40.85 
Table 5: Surface Tension measurements on filtrates from pulp samples. 
Experiment # 5 Cycle 1 Cycle 2 Ave. Surface 
Tension 
(dynes/cm) (dynes/cm) (dynes/cm) 
Discharge Cells 
1 46.46 46.47 46.47 
2 47.85 47.66 47.76 
3 48.72 48.70 48.71 
5 49.36 49.55 49.46 
6 46.64 46.64 46.64 
Overflow Cells 
1 43.63 43.18 43.41 
3 42.14 41.98 42.06 
6 41.16 41.03 41.10 
Mixcell Discharge 49.62 49.21 49.42 
Feedflow 47.43 47.35 47.39 
Primary Accepts from Cell 7 49.91 49.67 49.79 
Primary Rejects 45.79 45.25 45.52 
Primary Rejects 42.86 43.17 43.02 
Table 6: Surface Tension measurements on filtrates from pulp samples. 
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Experiment Feed-Eric values Accepts-Eric values 
1 924.3 221.8 
2 971.6 238.1 
3 929.6 199.4 
4 956.7 248.25 
5 839.8 233.8 
Table 7: ERIC measurements on handsheets. 
Experiment Particle 
Size(/xm) 
# Particles in 
Feed 




1 8-20 11897 1316 88.93 
1 24-52 1932 184 90.47 
1 56-224 94 30 68.1 
2 8-20 10942 1567 85.60 
2 24-52 1524 220 85.60 
2 56-224 69 34 50.72 
CO
 
8-20 11543 1164 89.91 
CO
 
24-52 1643 235 85.60 
CO
 
56-224 89 30 66.29 
4 8-20 13323 1283 90.37 
4 24-52 1771 252 85.77 
4 56-224 105 32 69.52 
5 8-20 11348 1429 87.40 
5 24-52 1440 263 81.70 
5 56-224 119 42 64.70 
Table 8: Dirt count measurement on handsheets. 
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Parameter Initial Value 
0.2/0.7 
Bubble Radius 750 microns 
# of Bubbles 3.96E+08 
Particle Radius 10 microns 




Gas hold up 0.10 
Surface Tension 50 dynes/cm 
Contact Angle 60 degrees 
Viscosity l m m 2 / s e c 
Bubble density 0.001 k g / m 3 
Fluid density 1000 k g / m 3 
Particle density 1200 k g / m 3 
Table 9: Parameter values used in calculating predicted long time efficiency. 






10 microns 1 89.36 88.94 
3 89.54 89.92 
4 89.03 90.37 
50 microns 1 85.98 90.48 
CO
 86.04 85.70 
4 85.98 85.77 
Table 10: Comparison of experimental and predicted efficiency. 
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Figure 1: Effect of parameter a on the predicted long time efficiency (Rp = 10/im) 
37 
Figure 2: Effect of parameter a on the predicted long time efficiency (Rp = 25fim) 
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4 I i i i i i i i I 
0.67 5.36 10.05 14.74 19.43 24.12 28.81 33.5 
90 
0.67 5.36 10.05 14.74 19.43 24.12 28.81 33.5 
Figure 3: Turbulent energy density versus percent efficiency for a equal to 0.2 and 0.7 
respectively. 
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a = 0.2 
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Bubble Radius (microns) 
Figure 4: Dependence of predicted long time efficiency on bubble radius (RE)* 
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Figure 5: Dependence of predicted long time efficiency on particle radius (Rp). 
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Figure 6: Effect of viscosity on predicted long time efficiency. 
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Figure 7: Effect of bubble radius on predicted long time efficiency for a — 0.119 
